We conjecture that criterion for perfect quantum teleportation is that the Groverian entanglement of the entanglement resource is 1/ √ 2. In order to examine the validity of our conjecture we analyze the quantum teleportation and superdense coding with
can achieve an unit fidelity with a probability less than a unit, which is called probabilistic quantum teleportation [3, 4] .
The higher-qubit entangled states also can be used as an entanglement resource of the quantum teleportation. In n-qubit system with n ≥ 3 there seems to be no unique way to define the maximally entangled states. For n = 3, for example, it is well-known that there are two types of entangled states called Greenberger-Horne-Zeilinger(GHZ) state [5] 
and W state [6] |W = 1 √ 3 (|001 + |010 + |100 ) .
These two types are not connected to each other via stochastic local operations and classical communication(SLOCC) [6] . It was also found that four qubits can be entangled in nine different ways [7] .
We generally use the entanglement measures to quantify the entanglement of multi-qubit state |ψ . One of the well-known measure constructed by an operational method 1 is a Groverian measure [8] defined G(ψ) ≡ √ 1 − P max , where 
1 In operational method the entanglement measures are constructed by making use of the real physical tasks such as quantum algorithms. In fact, the Groverian entanglement measure was constructed from Grover's search algorithm.
Physically, P max corresponds to the maximal probability of success in Grover's search algorithm [9] when |ψ is n-qubit initial state. Eq.(3) can be re-written in terms of density matrix ρ = |ψ ψ| in the form
where
The quantum teleportation with 3-qubit GHZ state was discussed in Ref. [10] . When one sender (Alice) would like to send one-qubit state
to one receiever (Bob), the perfect quantum teleportation with |GHZ 234 can be easily shown as following. First, we assume that Alice has particles 2 and 3, and Bob has particle 4. Next, we note that |ψ 1 ⊗ |GHZ 234 reduces to
Pauli matrices, and
Since |φ
and |φ
are orthogonal to each others, Alice can distinguish them via von Neumann type measurement. Of course, the postulates of quantum mechanics tells that the probabilities for outcomes are P ± 1 and P ± 2 , respectively. After Alice conveys her measurement results to Bob via classical channel, Bob can construct |ψ by applying an appropriate unitary transformation to his own qubit. This is a whole story of quantum teleportation between two parties.
Since the quantum teleportation between two parties can be done perfectly with the twoqubit EPR channel, actually the above-mentioned teleportation is not new scheme. However, the three-qubit GHZ state can be used to three-party (Alice, Bob, Cliff) teleportation.
Although the well-known no-cloning theorem [11, 12] does not allow for Alice to teleport |ψ to both Bob and Cliff, one can use the 3-qubit GHZ state as a quantum copier (cloning device) [13, 14, 15] with fidelity less than one [10] . The quantum teleportation with four qubit GHZ state and its role as a cloning machine was discussed in Ref. [16] .
Recently, furthermore, the slightly-modified W state
is used for perfect two-party quantum teleportation [17] . This can be shown as following.
First let us assume that Alice has particles 2 and 3, and Bob has particle 4. Then after some calculation it is easy to show
Since |η property of |W 1 and |GHZ allows perfect teleportation? As will be shown below, |W 1 and |GHZ have same P max = 1/2. Thus this fact might be criterion for the perfect teleportation.
The purpose of this paper is to explore this issue in detail.
Recently, it was shown [18] that P max for n-qubit state can be computed if one knows one of the (n − 1)-qubit reduced states using a formula
Eq.(11) leads several important conclusions [18] . Furthermore, Eq.(11) provides a good tool for the analytic calculation of P max . In Ref. [19] P max for various 3-qubit states was analytically computed using Eq. (11) . For the generalized W state, for example,
P max can be expressed as following:
2 ) and, β 2 and γ 2 are the remaining ones. In Eq. (13) R is a circumradius of the triangle a, b, c. From Eq. (13) it is easy to show that if a, b, c form an equilateral triangle, P max = 4/9, which is consistent with the results of Ref. [20] . Furthermore, Eq. (13) implies that if the parameters a, b, c form a right triangle, we call the corresponding |GW 'singular states' 2 and their P max becomes 1/2. Since |W 1 in Eq. (8) is one of singular states, its P max is 1/2 as we commented before. Since it is well-known that the n-qubit GHZ states has P max = 1/2 regardless of n [20] , this remarkable fact makes us conjecture that P max = 1/2 is a necessary (or sufficient) condition for the perfect two-party teleportation.
To examine the validity of our conjecture we choose the state
where |q 1 and |q 2 are arbitrary normalized one-qubit states. If |q 1 = |0 and |q 2 = |1 , |Φ , of course, becomes usual GHZ state. As shown in Ref. [19] , P max of |Φ is also 1/2 regardless of |q 1 and |q 2 . Thus this state is appropriate to check the validity of our conjecture. We will show that like GHZ and W states |Φ also allows the perfect quantum teleportation and superdense coding scenario. Next, we will compute P max of more general three-qubit states, 2 The suitability of the terminology 'singular states' can be seen easily if one changes Eq.(12) into the one-parameter dependent states by letting b = κa and c = κ 2 a. Then Eq.(13) allows oneself to derive the analytic expressions for the κ-dependence of P max . Using these expressions, one can show that P max at right triangle a, b, c is continuous but its derivative dP max /dκ is discontinuous. For general state (12) the normalization condition a 2 + b 2 + c 2 = 1 defines a sphere and the condition for right triangle α 2 = β 2 + γ 2 defines a cone. The intersection of the cone with the sphere is generally a circle on the sphere. Inside the circle P max ≤ 1/2 and outside P max ≥ 1/2. On the circle P max = 1/2 but its gradient is discontinuous.
Thus it is reasonable to use the terminology 'singular states' for the states with
which also allow the perfect teleportation. As we conjecture, it is shown that these general states also have P max = 1/2.
In order to discuss the two-party quantum teleportation with |Φ we assume first that Alice has particles 3 and 4, and Bob has particle 2. In this situation it is convenient to define
Then one can show that |ψ ± 1 and |ψ ± 2 are orthogonal to each others regardless of |q 1 and |q 2 . After some calculation one can show straightforwardly that |ψ 1 ⊗ |Φ 234 reduces to
Thus Alice can send |ψ to Bob via usual quantum teleportation process: she distinguishes |ψ ± 1 and |ψ ± 2 via von Neumann type measurement and conveys her measurement outcomes to Bob via classical channel. If Bob has particle 3 and Alice has particles 2 and 4, one can show similarly that a perfect quantum teleportation with |Φ is also possible.
Finally, let us consider the situation that Bob has particle 4 and Alice has particles 2 and 3. Even in this case one can show that perfect quantum teleportation is possible if |q 1 is orthogonal to |q 2 , i.e. q 1 |q 2 = 0. If q 1 |q 2 = 0, there should exist an unitary operator u such that |q 1 = u|0 and |q 2 = u|1 because unitary operator preserves the inner product.
Then |Φ is obtained from |GHZ via local-unitary transformation as following
Then Eq. (6) with teleportation with |W 1 . In conclusion we can use |Φ for the perfect two-party quantum teleportation. This strongly supports our conjecture that the criterion for the perfect quantum teleportation is P max = 1/2.
Next we would like to discuss the superdense coding [21] with |Φ . In order for the superdense coding scenario to work Alice should be able to send two classical bits to Bob by sending one qubit. Now we assume that Alice has particle 2 and Bob has particles 3 and 4 in |Φ 234 . If Alice applies (1 1, Z, X, −iY ) to her qubit, |Φ changes into
respectively. Since |ψ Recently, two three-qubit states were found, which allow the perfect quantum teleportation [22] . We would like to show that both states also have P max = 1/2 as we conjecture. This strongly supports the validity of our conjecture again. First state is
If a = 1/ √ 2 and b = 1/2, |ψ reduces to |W 1 defined in Eq. (8) . Let {α, β, γ, δ} be set of {a, b, 1/2 − a 2 , 1/2 − b 2 } with decreasing order. Then one can show easily α 2 ≤ β 2 + γ 2 + δ 2 + 2βγδ/α regardless of a and b. As shown in Ref. [23] , then, P max for |ψ equals to 4R 2 , where R is a circumradius of convex quadrangle:
where ω = a 1 a 2 + a 3 a 4 , r 3 = a Second state which allows a perfect quantum teleportation is
If a = 1/ √ 2 and b = 0, |ψ exactly coincides with GHZ state. As shown in Ref. [18, 19] , P max for |ψ can be writtten as
where 
The first solution of Eq.(26) yields the remaining solutions
and positive Lagrange multiplier constants Λ 1 = 1 and Λ 2 = 1 − 2b 2 . Then Eq. (23) gives P max = 1/2. The second solution of Eq.(26) also yields the different remaining solutions, but the corresponding P max is (1/4)(1 + √ 1 − 2a 2 ), which is smaller than 1/2. Since we should take maximization in Eq. (23), P max for |ψ should be 1/2.
We have shown that |Φ , whose P max is 1/2, allows the perfect two-party quantum teleportation. Also we have shown that |ψ and |ψ in Eq. (20) and Eq. (22) have P max = 1/2.
The usual GHZ and W states are special limits of |ψ and |ψ . This means that our conjecture "the criterion for the perfect two-party quantum teleportation is P max = 1/2" is widely applicable. Since we cannot find any counter-example, we feel that this criterion is a necessary and sufficient condition. In other words "the perfect two-party quantum teleportation is possible if and only if the Groverian measure for the entanglement resource is 1/ √ 2". But more rigorous proof is needed for this statement.
